White matter is an essential component of the central nervous system and is of major concern in neurodegenerative diseases such as multiple sclerosis (MS). Recent MRI studies have explored the unique anisotropic magnetic properties of white matter using susceptibility tensor imaging. However, these measurements are inhibited in practice by the large number of different head orientations needed to accurately reconstruct the susceptibility tensor. Adding reasonable constraints reduces the number of model parameters and can help condition the tensor reconstruction from a small number of orientations. The macroscopic magnetic susceptibility is decomposed as a sum of molecular magnetic polarizabilities, demonstrating that macroscopic order in molecular arrangement is essential to the existence of and symmetry in susceptibility anisotropy and cylindrical symmetry is a natural outcome of an ordered molecular arrangement. Noise propagation in the susceptibility tensor reconstruction is analyzed through its condition number, showing that the tensor reconstruction is highly susceptible to the distribution of acquired subject orientations and to the tensor symmetry properties, with a substantial over-or under-estimation of susceptibility anisotropy in fiber directions not favorably oriented with respect to the acquired orientations. It was found that a careful acquisition of three non-coplanar orientations and the use of cylindrical symmetry guided by diffusion tensor imaging allowed reasonable estimation of magnetic susceptibility anisotropy in certain major white matter tracts in the human brain.
Introduction
The white matter of the brain is organized in long fibers that trace throughout the central and peripheral nervous system (Koenig, 2009) . Myelin sheaths of axons, which are composed of concentric phospholipid bilayers, are intrinsically tied to this fiber structure (Koenig, 2009; Waxman et al., 1995) . The phase of the MRI signal (Denk et al., 2011; Lee et al., 2010) and T2* relaxation (Bender and Klose, 2010; Lee et al., 2011) of the white matter have been found to depend on the orientation of the fibers with respect to the main magnetic field. These effects can be attributed to the existence of an orientation-dependent magnetization or magnetic susceptibility anisotropy (MSA) of the macroscopic white matter tract. It is well known that macroscopically wellorganized materials with anisotropic electron configurations, such as polymers (Kimura et al., 2001) , minerals (Hrouda and Schulmann, 1990 ) and liquid crystals (Prosser et al., 1998a) , can give rise to anisotropic magnetic susceptibility properties. Like these materials, the highly structured and organized nature of the myelin sheath of the white matter leads to its anisotropic magnetic behavior Liu, 2010; Wisnieff et al., 2012a,b) . This intrinsic anisotropic nature of phospholipid membranes has been previously observed in NMR in vitro within a model system (Prosser et al., 1998b) . Few other structures in the brain present the same level of macroscopic organization as the white matter, without which the magnetic anisotropy may not be observable in MRI.
To assess the orientation-dependent magnetization of materials like white matter, susceptibility tensor imaging (STI) can be estimated from MRI data acquired at 12 or more subject orientations (Li et al., , 2012b , which unfortunately are not acceptable in clinical practice. Furthermore, unlike studying the MSA of rocks using multiple acquisitions of the sample over a free range of orientations (Hext, 1963) , the limited range of orientations with human subjects may lead to substantial noise propagation in the observed MSA. Constraining the system with reasonable prior information and assumptions can help condition the problem and reduce error propagation. Specifically, reducing the number of model parameters will reduce the number of required orientations to NeuroImage 70 (2013) [363] [364] [365] [366] [367] [368] [369] [370] [371] [372] [373] [374] [375] [376] recover the susceptibility tensor. For example, a cylindrically symmetric susceptibility tensor (CSST) will reduce the number of parameters for the susceptibility tensor to two from three in the orthonormal tensor frame (Wharton and Bowtell, 2011) . Exploiting symmetry in tensors has been explored in other applications as well including characterization of diffusivities in the spinal cord (Clark et al., 2000) and the orientation of minerals in rocks (Hrouda and Schulmann, 1990) . The parallel and perpendicular axes of the white matter fiber tract derived from diffusion tensor imaging (DTI) can be used to define this orthonormal frame on a voxel-by-voxel basis (Fig. 1) . As a result, the original 6-parameter STI problem is reduced to a 2-parameter CSST problem (Li et al., 2012b) .
The purpose of this work is to systematically explore the symmetry of susceptibility anisotropy in the white matter of the human brain and investigate the performance of MSA estimation using the CSST and three subject orientations. This work employs theoretical calculation, numerical simulations, phantoms and human in vivo data. The macroscopic susceptibility anisotropy is connected with molecular magnetic polarization anisotropies through their arrangement in space, demonstrating that macroscopic order of molecule arrangement is essential to the existence of and the symmetry in susceptibility anisotropy observed in MRI. Error propagation in the CSST estimation is analyzed according to the symmetry characteristics of the tissue susceptibility tensor and the possible sets of subject orientations acquired in MRI, showing that DTI guided estimation of cylindrical MSA in major white matter tracts of the brain can be reasonable with as few as three non-coplanar orientations.
Theory
Origins of magnetic susceptibility anisotropy observed in MRI from the macroscopic arrangement of molecules with magnetic polarizability anisotropy
In general, macroscopic tissue magnetization, M, can be described as its susceptibility χ times the applied magnetic field, H, M =χH ≅ χB 0 /μ 0 , B 0 is the main magnetic field of the MR scanner and μ 0 is the magnetic permeability of free space (Schenck, 1996) . χ can be a general 3× 3 matrix or tensor to account for the possible orientation dependent relationship between the magnetization and the applied field (Bertini et al., 2002) . The magnetization is the sum of the magnetic moments of molecules in a unit volume, which is related to the applied magnetic field by the molecular polarizability tensor β a : M ¼ 1=μ 0 ∑ a β a B 0 , where the summation index a is over all molecules in a unit volume. Therefore the susceptibility within a voxel is the sum of magnetic polarizabilities of all molecules,
where n is a factor accounting for the density of molecules within a voxel. The orientation of a molecule can be represented by its rotation matrix, R a , and its magnetic polarizability tensor can be described in terms of its eigenvalues in a molecular specific frame where the tensor is diagonal:
Biological tissues may contain both isotropic and anisotropic sources of magnetic susceptibility (Lounila et al., 1994; Prosser et al., 1998b) . One major source of susceptibility consists of paramagnetic ions due to unpaired electrons (Schenck, 1996) including iron deposition (Haacke et al., 2005) and MRI contrast agents (de Rochefort et al., 2008b) . These paramagnetic ions are known to be isotropic (β a = βI = constant times identity matrix) with their magnetic moments independent of molecular orientation and have been widely examined using scalar susceptibility mapping techniques (Bilgic et al., 2012; de Rochefort et al., 2010; Li et al., 2011b; Liu et al., 2012b; Schweser et al., 2012a) , and according to Eqs. (1) & (2), they will not contribute to the macroscopic susceptibility anisotropy. Another major type of susceptibility source is diamagnetism from most biological molecules, which are mostly anisotropic in spatial structure. They can contribute to the macroscopic susceptibility anisotropy observable in MRI through the summation over all molecules in a macroscopic unit volume. When anisotropic molecules are oriented uniformly over all possible angles, i.e., there is no macroscopic order in the molecular alignment, the average over many molecules in a volume with molecular density n eliminates anisotropy, rendering the macroscopic susceptibility isotropic, χ iso (Eq. (A.2) in Appendix A),
For molecular magnetic anisotropy to be observable at the resolution of MRI, macroscopic order of the molecular orientation is needed. An example is the order within white matter fiber tracts, where the lipid molecules in myelin are arranged in a radial pattern perpendicular to the fiber direction (Waxman et al., 1995) , resulting in anisotropy in the macroscopic magnetic susceptibility . One possible model of myelin consists of constraining the β 3 component to lie along the fiber axis, while the other axes are uniformly distributed in the plane orthogonal to the β 3 (or fiber) axis, Fig. 2a . The resulting macroscopic anisotropic susceptibility, χ CS1 is given by (Eq. (A.4) , in Appendix A),
Fig. 1. The tensor frame is defined by the axes along χ || and χ ⊥ . The subject frame is defined by x, y and z axes. These two frames are related by a rotation around an axis along the cross product of z and χ || axes with a rotation angle φ equal to the angle between of z and χ || axes. For the purpose of describing the fiber orientation defined by the χ || axis, we also characterize the χ || axis using its polar angle φ and azimuthal angle θ as viewed in the subject frame xyz.
Fixing one of the molecular axes to lie along the axis of the white matter fiber may not be entirely realistic as the molecules are free to diffuse in the membrane since they are not chemically bound (Bagatolli et al., 2010; Kusumi et al., 2012) . More realistic configurations would allow the molecule to rotate about an axis that lies perpendicular to the fiber direction. The cylindrical symmetry of myelin may be represented by constraining the β 3 component to lie in the transverse plane, while the other axes of the molecule are uniformly distributed in the plane orthogonal to the β 3 axis, Fig. 2b . Resulting in a macroscopic anisotropic susceptibility, χ CS2 given by (Eq. (A.6), in Appendix A),
Eqs. (4) & (5) indicate that when the molecules are ordered in space along a line or within a plane, the resulting macroscopic susceptibility tensor is always cylindrically symmetric for molecular magnetic polarizabilities with any anisotropy.
Data from a model of dysmyelination in shiverer mice brains showed near complete loss of anisotropy in magnetic susceptibility suggesting that myelin is largely responsible for the observed susceptibility anisotropy .
Estimating cylindrical symmetric susceptibility tensor (CSST) from MRI
The MRI signal phase permits determination of the magnetic field generated by a tensor source according to Maxwell's equations in k-space (Liu, 2010) :
where X is the second rank tensor of the magnetic susceptibility in the Fourier domain, Δ is the relative field change, also in the Fourier domain, normalized by the main field strength,b ¼ B 0 = B 0 k k is the orientation of the main field, and k is the Fourier space vector. In general susceptibility tensor imaging (STI), the inverse problem of finding the magnetic susceptibility tensor from the MRI field measurements is solved by imaging the subject at multipleb directions, which can be achieved by reorienting the subject in the magnet. Let the subject frame be the orthogonal coordinate system coincident with the natural axes defined by the subject, such as the superior-inferior (SI), anteriorposterior (AP) and left-right (LR) axes of the head of a volunteer when positioned supine and head first in the scanner. Within the subject frame, the solution for Eq. (6) can be formulated as:
where p is the index of the acquired orientation and w p is a weighting factor to minimize the propagation of noise (approximated as Gaussian) in the measured field (de Rochefort et al., 2008a) . In general, the inverse problem of Eq. (6) is poorly conditioned and upwards of 11 orientations has been reported to generate STI (Li et al., , 2012b . The cylindrical symmetry described in Eqs. (4) or (5) with the cylindrical axis estimated from diffusion tensor imaging (DTI) can be used to reduce the number of unknowns in Eq. (6), therefore improving the condition of inversion and reducing the number of orientations needed (Li et al., 2012b; Wharton and Bowtell, 2011) . Important questions that remain to be addressed are to examine the improvement in the condition of the problem from assuming symmetry and to investigate the accuracy in the estimated CSST that can be achieved with a limited number of orientations. The experimental part of this work endeavors to answer the latter of these questions. We begin by introducing the following notation for the tensor frame. Let the tensor frame for a given voxel be the orthonormal basis in which the susceptibility tensor at that voxel is strictly diagonal. For the CSST, the cylindrical symmetry can be imposed in this tensor frame by making two diagonal elements identical and the other diagonal element correspond to the myelin cylindrical axis as estimated from DTI data:
The susceptibility tensor in the subject frame, in image space, is then given by χ = R T χ T R, where R is the rotation matrix that relates the subject frame to the tensor frame. For the CSST, the expression for the forward problem in Eq. (6) is updated as:
The principal diffusion direction derived from DTI is here assumed to coincide with the direction of the parallel component of the susceptibility tensor. The rotation matrix is defined by the Euler principal rotation vector formula according to the axis and angle of rotation between any two coordinate systems (Schaub and Junkins, 2003) : in the tensor and subject frames; for example the angle between the z axis in the subject frame and the z′ axis in the tensor frame.
Materials and methods

Estimation of the condition number for the 3-CSST
A detailed discussion of the condition number and how it is calculated in this work is presented in Appendix B. To investigate the condition number of the CSST we examine the case where the rotation is an identity matrix simplifying the convolution in k-space. In this case the parallel component of the cylindrically symmetric tensor lies along the z axis over the entire field of view in both the subject and tensor frames; there is no assumed distribution of tensor coefficients only the orientation of the tensor is necessary to estimate the condition of the CSST system. Coefficients for the blocks of the system were generated according to Eq. (B.6) and eigenvalues were calculated numerically using Matlab. The condition numbers of the 560 sets of 3 orientations used in the simulated phantom, Fig. 3 , were examined. Since matrix components were explicitly constructed, to simplify eigenvalue calculations a smaller matrix size of 32× 32× 32 in k-space was used to reduce calculation time and memory requirements.
Numerical simulation: sensitivity of 3-CSST to acquisition orientations A numerical simulation consisting of three spherically shaped regions of interest (ROIs): two contained isotropic susceptibility (regions A and B in Fig. 3a ), while the third (region C in Fig. 3a ) contained susceptibility anisotropy similar to that observed in human white matter in vivo . The values for χ ⊥ and χ || were chosen as − 0.03 and − 0.01 parts per million (ppm), respectively. The simulated data consisted of 16 orientations evenly distributed over a unit sphere. A range of tensor reconstructions were investigated. First, CSST and STI reconstructions using all 16 orientations were performed. Second, a CSST reconstruction was performed for each set of 3 orientations chosen from the total set of 16 orientations (560 combinations) to investigate the variability in results from the limited number of orientations. Reconstructions are referred to as N-STI or N-CSST, with N indicating the number of orientations used in the reconstruction. A signal-to-noise ratio (SNR) of 100 was chosen to approximate the noise observed in human studies; initial simulations in preparation for this work with this numerical phantom showed that relatively high SNR was required for accurate estimation of the tensor components in the simulations. The field map was generated according to the forward model in Eq. (6). It was assumed that the principal diffusion tensor eigenvector of the phantom was known (taken to be the simulated one) as diffusion data was not simulated.
The magnetic susceptibility anisotropy (MSA) for a susceptibility tensor with cylindrical symmetry was defined as the difference between parallel and perpendicular principal components of the tensor,
In the unconstrained 16-STI reconstruction, parallel and perpendicular components are not well defined; the second eigenvalue may or may not clearly resemble either the maximum or minimum eigenvalue, which is needed for cylindrical symmetry in general. In this work for comparison among STI and CSST reconstructions, the MSA from STI was defined as,
where the tensor eigenvalues λ i are ordered from large to small. This difference was chosen since it is expected that the parallel component of the tensor is more paramagnetic as observed in previous studies of white matter . A histogram of the mean MSA of the fibers oriented along the x-axis (C in Fig. 3a ) from all possible 3-CSST reconstructions was obtained to examine possible bias caused by the limited number of orientations. The orientations that were within ± 50°from the x-axis of the simulation were considered to be within the range of human feasible orientations.
Numerical simulation: realistic fiber orientations and MSA estimation
To investigate the error in the susceptibility tensor reconstructed from a limited number of orientations, a numerical simulation was performed using the brain anatomy of a volunteer in this study. An automatic segmentation algorithm, FAST (Zhang et al., 2001) , was used to segment a T2 weighted image obtained in this volunteer into white matter, grey matter and cerebrospinal fluid (CSF). Specific grey matter regions were identified by hand from this initial segmentation. The white matter (WM) was set to have a homogeneous susceptibility tensor (in the voxel specific tensor frame) that was cylindrically symmetric, χ || = − 0.01 ppm and χ ⊥ = −0.03 ppm. The grey matter and CSF regions were set to have isotropic magnetic susceptibility described by scalars as follows: CSF, 0 ppm; globus pallidus (GP), 0.19 ppm; putamen (PU), 0.09 ppm; thalamus (T), 0.07 ppm; red nucleus (RN), 0.07 ppm; substantia nigra (SN), 0.09 ppm; dentate nucleus (DN), 0.09 ppm; caudate nucleus (CN), 0.09 ppm; and cortex (C) 0.05 ppm, similar to values observed in vivo . The orientation of the tensor for each voxel was defined by the principal diffusion eigenvector, obtained from a DTI acquisition Fig. 3 . a, shows a slice through the simulated phantom displaying the configuration of the isotropic sources, A and B, and anisotropic susceptibility source C with its orientation along the x axis (white arrow). b, error in mean anisotropy detected in the simulated fiber over all combinations of possible 3-CSST reconstructions. Light gray bars indicate human feasible acquisitions and dark gray bars indicate all possible combinations of three orientations. The three black lines on the y-z plane in the inlaid figure indicate the threeb directions for the outlier 3-CSST MSA result of 29.6% error (gray arrow).
in the same subject and registered to the anatomical image. The susceptibility tensor in the subject frame, defined by the anatomical image, was calculated using the relation χ = R T χ T R, and the field inhomogeneity due to this susceptibility distribution was simulated using the forward problem Eq. (6). Noisy phase data for this simulation was generated in the same fashion as the above numerical simulation.
The sensitivity of the anisotropy estimation to various acquisition orientations was investigated in this simulated data set. Three types of tensor reconstructions were generated as follows: 1) using the same three orientations as acquired on the Subject 1, 2) using the 12 orientations acquired on the Subject 1 and 3) using twelve orientations evenly distributed over a sphere; these acquisition schemes are referred to as human 3, human 12 and uniform 12 respectively. The anisotropies generated from these reconstructions were evaluated against the known anisotropy in the simulation. An error map was generated by plotting the average error for every encountered fiber direction. To depict the orientations represented in this numerical brain, a 3D histogram was displayed as a 2D intensity map.
Experimental anisotropic phantom
The anisotropic phantom consisted of a bundle of parallel carbon fibers (12 K carbon fiber tow, Aerospace Composites), a known source of cylindrically symmetric susceptibility anisotropy (Kimura et al., 2001 ) approximately 3 cm in length and 3 mm in diameter immersed in a 1% agarose gel background in a cylindrical container (10 cm diameter, 6 cm height). The direction of the fibers used for the CSST reconstruction was obtained by determining the axis of the bundle from the magnitude image. Two water balloons were added as isotropic references containing 2.5 and 5 mM of Magnevist, which corresponded to susceptibilities of 0.8 ppm and 1.6 ppm, respectively. Multi-echo gradient data was acquired in twelve distinct orientations uniformly distributed over the unit sphere.
For this phantom, three types of tensor reconstructions were performed on the acquired data: the CSST and STI reconstructions using all twelve orientations and the 3-CSST for each of the 220 combinations of three orientations out of the available twelve. The relationship between the molar susceptibility of gadolinium is well known; since there is no inherent anisotropy within the gadolinium solutions, their magnetic susceptibility tensors should be defined by a single scalar susceptibility. Accordingly, anisotropy within the eigenvalues of the gadolinium phantom was used as a measure of error in the estimated susceptibility tensor. The MSA from each concentration of gadolinium across the reconstructions was compared for consistency of the estimated anisotropy. A histogram of the MSA of the 220 3-CSST reconstructions was constructed to examine bias in the anisotropy from these reconstructions. The mean magnetic susceptibility, or MMS, defined as
was calculated for each of the balloons. The prepared concentration of Gadolinium was converted to ppm using the molar susceptibility of 326 L/mol (de Rochefort et al., 2008a) . A regression analysis against the prepared gadolinium susceptibility was performed to examine errors in the reconstructions of isotropic materials.
Human subject study
Human studies were performed with approval from our institutional review board. In four healthy volunteers (3 male, 1 female, age 28± 2.9 years), the 3-CSST was calculated from 3 acquisitions with isotropic 1.5×1.5×1.5 mm 3 resolution in the supine position, including neutral, left-and right-leaning orientations. One volunteer, Subject 1, consented and was able to perform an additional 9 orientations using a combination of neutral, left-, right-, forward-and backward-leaning orientations in supine and prone positions. On this volunteer, all twelve orientations were used to reconstruct the tensor with and without symmetry constraints (12-CSST and 12-STI), and all possible 3-CSST reconstructions were performed for each set of 3 orientations within the available set of twelve (220 combinations). On all susceptibility tensor reconstructions, the MSA and MMS were measured in predefined ROIs in four major white matter tracts, including the splenium, body and genu of the corpus callosum (SCC, BCC and GCC, respectively), and optic radiations (OR). Summary statistics were calculated across all volunteers and reported as mean±standard deviation unless otherwise stated. Histograms were generated over all 3-CSST reconstructions in Subject 1 in the white matter ROIs. For human subjects, the analysis of the results focused on major white matter tracts, where the principal fiber direction was assumed to be uniform with few crossing fibers. The principal eigenvectors for the estimated DTI and STI reconstructions in Subject 1 correspond to the principal eigenvalue, signed maximum value, in the eigenvalue decomposition. The absolute value of the dot product of these vectors, |V 1STI ⋅V 1DTI |, is used here to indicate the degree of alignment between them, with 1 indicating aligned and 0 orthogonal vectors. Alignment in ROIs identified in the brain, SCC, BCC, GCC, OR and centrum semiovale (CS) were compared with a one-way ANOVA.
Data acquisition
All experiments were performed on a 3 T clinical MR scanner (General Electric Excite HD; GE Healthcare, Waukesha, WI, USA). An 8-channel head coil was used for the phantom study. A sample holder was constructed from a Styrofoam ball to reproducibly reorient the sample evenly over a sphere. A total of 12 acquisitions were obtained at an isotropic resolution of 1 mm 3 . These orientations were acquired with a multi echo gradient echo (MEGRE) sequence with a total of 8 echoes and echo time (TE) spacing of 3.4 ms and repetition time (TR) of 71.6 ms, flip angle of 15°, bandwidth of 62.5 kHz, acquisition matrix of 130 × 130 × 116, field of view (FOV) of 13 cm, and a slice thickness of 1 mm. In the phantom, DTI information was not reliable due to the lack of observed restricted diffusion signal in both the isotropic and anisotropic sources.
The MEGRE sequence was also used for the volunteer studies, but with the larger transmit/receive head coil to allow for a greater degree of rotation. Imaging parameters were as follows: 11 echoes with TE spacing of 2.64 ms, TR of 46.94 ms and 1.5 × 1.5 × 1.5 mm 3 resolution. The 9 additional orientations were acquired on Subject 1 to allow a 12-STI reconstruction. A 2D echo planar imaging (EPI) dual spin echo DTI sequence was used to acquire diffusion tensor data on each of the volunteers with a resolution of 2 × 2 × 2. 
Data processing
Phase information was calculated from the complex MRI signal. Phase data were first temporally unwrapped across echoes. Next, the resulting multi-echo phase data were linearly fit to estimate the field inhomogeneity relative to the B 0 field (de Rochefort et al., 2008a; Kressler et al., 2010) . Subsequent spatial unwrapping of this field map was performed with a region growing algorithm (Cusack and Papadakis, 2002) . The background field was removed using the projection onto dipole fields method . All tensor calculations were performed in MATLAB using a conjugate gradient solver. Spatial warping of the diffusion data was corrected and registered to the gradient echo data using FUGUE and FLIRT (Crum et al., 2004) . The registration between the orientations and the subject frame was used to determine theb vector in each of the orientations. Estimated MMS was calculated from the reconstructed susceptibility components.
Since the MSA is insensitive to the choice of reference, no such reference was determined in phantom and human data.
Results
Estimation of the condition number for the 3-CSST
The 560 sets of 3 orientations in the simulated phantom showed the following condition min/median/max numbers: 9.4 × 10 3 /3.2 × 10 5 /3.1 × 10 11 , after excluding one infinite condition number for the set of 3 orientations that were aligned close to a single plane. Twenty of these 560 sets contained human feasible orientations, having the min/median/max condition numbers of 2.0 × 10 4 /7.1 × 10 5 /1.8 × 10 8 . Preliminary experiments with larger matrix sizes did not significantly affect the calculated condition number of this system.
Numerical phantom simulation
Both 16-CSST (MSA:20 ± 1.2 parts per billion, ppb) and 16-STI (MSA:19 ± 1.6 ppb) gave reconstructed MSA in close agreement with the truth; giving − 0.5% and − 5.5% error, respectively. 96% of all simulated 3-CSST reconstructions estimated the MSA of the fiber within 10% of the true MSA; the 3-CSST of human orientations was in this 10% error group with an average of − 2.4% error. There was a tail in the distribution biased towards higher MSA. An outlier at the end of the tail had sampledb directions (represented in the inlaid plot of Fig. 3b ) that were largely perpendicular to the χ || direction (along the x axis).
Numerical brain simulation
The true MSA map and reconstructed MSA maps are shown in the top row of Fig. 4 . The distribution of fiber orientations in the simulation and the observed error in the reconstructed MSA with respect to fiber orientation are shown in the bottom row of Fig. 4 .
The MSA as measured by the 3-CSST had erroneous hyper-and hypo-intense bands (over-and under-estimation) in the regions of the body of corpus callosum and the centrum semiovale (BCC and CS, respectively; white and black arrows/circles in the top/bottom of Fig. 4) . The intensity of these error bands was reduced when the reconstruction was based on the set of 12 human feasible orientations and was significantly diminished with a uniformly distributed set of 12 orientations. The MSA error varied substantially with fiber orientations.
Experimental anisotropic phantom
The image quality of the 12-CSST and 12-STI reconstructions were similar, and both were superior to that of the 3-CSST (Fig. 5a ), consistent with observations in the simulated phantom; data not shown. The MSA estimated by the 12-CSST (740 ppb) was not significantly different from that estimated by the 12-STI (770 ppb, p = 0.56). The mean MSA of the 3-CSST reconstructions was 650 ppb, 12% lower than the 12-CSST/12-STI estimates. In the 3-CSST with orientations restricted to a human feasible range, the MSA was further skewed towards the lower end of the distribution (Fig. 5b) . All estimated MSAs for the carbon fiber were within the range of values reported in the literature (Kimura et al., 2000) .
In the gadolinium balloons of this phantom, regression analysis showed similar fits of mean susceptibility in the gadolinium balloons with a slope of 0.86 (R 2 = 0.98) for 12-CSST, 0.86 (R 2 = 0.91) for one 3-CSST and 0.89 (R 2 = 0.97) for 12-STI; no statistical difference, P > 0.05 between regressions.
Human subject study
For Subject 1 with all 12 orientations, 12-STI, 12-CSST and 3-CSST were successfully reconstructed. The traces of these reconstructions (in Fig. 6 ) demonstrated striking similarity with increased noise with fewer orientations. The MSA maps of 12-CSST and 3-CSST were similar, but this visual similarity was limited to the major white matter tracts when compared to the MSA map of 12-STI (Fig. 7) . A comparison of the STI versus DTI principal eigenvector maps in Subject 1 showed high correspondence in some anatomical regions like the corpus callosum and optic radiations, but regions that were oriented along the SI direction showed poor alignment. It was found that the absolute value of the dot product resembled the pattern in the estimated anisotropy maps, particularly in the axial plane, Fig. 7 versus the middle row of Fig. 8 . The SCC (|V 1STI •V 1DTI |: 0.44 ±0.30), ±CC (0.69 ±0.29), GCC (0.68± 0.28) and OR (0.56 ±0.27) were all regions that laid in planes mostly perpendicular to the SI direction and all showed significantly stronger alignment compared to the CS (0.38 ±0.25, P b 0.05 using a Fig. 4 . Estimation of white matter MSA using realistic fiber orientations with various CSST reconstructed MSA (top row) and associated errors (bottom row). The lower left corner shows a histogram of the fiber orientations estimated from experimental human data (the black region corresponds to few samples). Red diamonds in the error maps represent thê b directions in each of the corresponding MSA maps in the top row. The white and black circles in the error maps correspond to the regions indicated by the white and black arrows in the MSA maps respectively. multiple comparison test), which was mostly oriented along the SI direction as determined by DTI. The mean susceptibility maps of all three reconstructions showed many similarities with the scalar reconstruction of the neutral orientation of the brain (Fig. 9) . The 3-CSST MSA maps were largely consistent across volunteers for the axial, sagittal and coronal planes (Fig. 10) .
The 3-CSST mean MSA values measured in 4 major white matter tracts were listed in Table 1 for all subjects. The MSA for reconstructions in Subject 1 are listed in Table 2 . There was reasonable consistency among the measured MSA values of the BCC across all subjects and among all reconstructions in Subject 1. There was also reasonable consistency among all subjects for 3-CSST MSA values of the OR. Compared to BCC, there were larger variations for MSA values of GCC and SCC. The MSA values for all 220 possible 3-CSST reconstructions were plotted for the 4 identified white matter tracts (Fig. 11) , showed less spread in BCC and SCC than GCC and OR.
Discussion
Our analysis of decomposing macroscopic tissue magnetic susceptibility into a sum of microscopic molecular magnetic polarizabilities demonstrates that susceptibility anisotropy observed in MRI requires both intrinsic anisotropy in molecular polarizibility and macroscopic order in molecular arrangement. Order achieved by restricting a molecules' axis to lie in a plane or a line leads to cylindrical symmetry in the susceptibility tensor. Myelin lipids are a major source of susceptibility anisotropy of the major white matter tracts in the human brain. These structures have a macroscopic arrangement observable at the resolution of MRI, allowing the cylindrical symmetry model to be used in susceptibility tensor imaging (STI).
Neurological diseases such as multiple sclerosis (Stys et al., 2012) or rare hereditary neuropathies can affect the formation of myelin and lipid metabolism, which can greatly affect the presence and appearance of myelin (Cai et al., 2001; Perlman and Mar, 2012; Sander et al., 2000) . The abnormal formation of myelin would undoubtedly affect the symmetry of the myelin sheath. These changes are very inconsistent on a microscopic scale and all such syndromes appear lead to eventual demyelination (Cai et al., 2001; Perlman and Mar, 2012; Sander et al., 2000) . As a consequence to the reduced macroscopic order in lipids, we may expect reduced anisotropy in macroscopic susceptibility in diseased myelin. It has been observed within Shiverer mice that demyelinated white matter showed significant loss in MSA . Further evidence may be obtained from other mouse models of demyelination or dysmyelination and from patients with demyelinating diseases. Conversely remyelinated axons appear to regain some of the function of normal neurons and some of the cylindrical symmetry in the organization of lipid layers (Keough and Yong, 2012) . This remyelination process could be monitored by measuring the increase in MSA.
The cylindrical symmetry of the susceptibility tensor (CSST) can be estimated from diffusion tensor imaging (DTI) and can then be used to obtain an estimation of MSA of the white matter tracts of the brain from a reduced number of subject orientations. Our results in simulation, phantom and human studies show the reconstructed susceptibility tensor is very sensitive to the distribution of acquired subject orientations used in the reconstruction, which was not explored previously. With judiciously chosen 3 non-planar orientations in the human study, it was found that, the 3-CSST reconstruction had similar tensor anisotropy in main white matter regions compared to the 12-CSST and 12-STI reconstructions directly in this study, the in vivo anisotropy maps in earlier work with more orientations and/or higher field strength (Li et al., 2012a,b) , and the anisotropy of white matter measured in vitro (Lee et al., 2010) .
The reduction in the number of sampling orientations is highly desired in practice for STI. Acquiring all 12 orientations in a single volunteer required a total of 4 h of scan time. In addition to the long scan time to acquire a single orientation (~10 min in this study without parallel imaging), repositioning and stably holding a human head at various orientations required particular care and time in preparing for each of the scans. Completing all 12 orientations demanded substantial cooperation from the subject and the subject had to take breaks between scan sessions. For this reason, we were only able to achieve 12 orientations in one subject. In contrast, the three orientations studies were easily acquired in every subject within 1 h, which may be further shortened using parallel imaging. The three orientations (neutral, left and right leaning) performed by all volunteers in this study were tolerable. Additional orientations increase subject discomfort particularly when tilted forward or backward, which leads to decreased image quality due to motion and poorer field measurements. This reduction in time to within 1 h and increase in subject tolerance are critical for both exploring clinical possibilities and research investigations requiring larger numbers of subjects.
Characterization of tensor anisotropy in STI is not as easily defined as it is in DTI. The fractional anisotropy (FA) commonly used in DTI for the characterization of the anisotropy of a tensor no longer has a meaningful interpretation with FA = 0 as isotropic and FA = 1 as a line for the susceptibility tensor; because components can be negative resulting in values for FA greater than 1. We also found FA to be too sensitive to the noise in STI, which has much poorer SNR than DTI. One may achieve an anisotropy measurement robust against noise and sensitive to high susceptibility anisotropy by adding a regularizing constant to the tensor components (Liu et al., 2012a) . However, this may introduce a bias that varies with the regularization constant. With cylindrical symmetry each voxel is constrained to two principal susceptibility coefficients parallel and perpendicular to the fiber axis. Their difference, or MSA, is 0 for isotropic materials. Deviations away from 0 indicate anisotropy. This measure has been previously used to define susceptibility tensor anisotropy (Kimura et al., 2000; Li et al., 2012b) , and can be extended for a general susceptibility tensor using its eigenvalues in STI.
Fundamentally, STI is an extension of the inverse problem of quantitatively determining the scalar susceptibility map from MR field measurements (QSM), which has an intrinsic ill-posedness arising from the zero cone surfaces of the dipole kernel in the Fourier domain. STI requires additional susceptibility parameters, further exacerbating the ill-conditioned nature of the STI inversion problem. The CSST uses tensor frame orientation information to reduce the number of unknowns to two parameters per voxel. This reduces but does not eliminate the ill-conditioning of determining the two tensor susceptibility parameters, perhaps due to the zeroes of coefficients (resembling dipole kernel coefficient in QSM) of the 2 × 2 linear system of equations (Eq. (B.6)). This ill-posedness can be characterized in a detailed analysis of the condition number for the CSST, similar to that for the COSMOS method of QSM (Liu et al., 2009; Wharton and Bowtell, 2010) . Examination of 3-CSST over a range of orientations showed poor condition numbers ranging from 10 4 to 10
11
. The choice of 3 human orientations limits how far the condition number can be brought down. The worst error propagation was observed when the 3 orientations were roughly planar, leading to erroneous estimation of MSA. Accordingly, co-planar 3 orientations have to be avoided in implementing 3-CSST. Further investigation to improve estimation of the susceptibility tensor may include identifying an optimal configuration of orientations that produces the best conditioned system, and formulating a Bayesian approach that allows use of prior information similar to QSM (Bilgic et al., 2012; de Rochefort et al., 2008a de Rochefort et al., , 2010 Liu et al., 2012b,c; Schweser et al., 2012b; Wharton and Bowtell, 2010) . It was found that the simulated 3-CSST reconstruction of orientations uniformly spread over a sphere provided fairly accurate estimation of the true susceptibility anisotropy, most within 10%. However, the 3-CSST is sensitive to the sampling angles (Fig. 3) . In addition to the sampling angle dependence k⋅b shared with QSM, there is an additional susceptibility tensor angle dependence X⋅b unique to tensor imaging. When the 3 orientations are nearly coplanar, tensor components perpendicular to the plane do not contribute significantly to the observed field shifts in any orientation (Eq. (6)), which poorly conditions the inverse problem contributing to large noise propagation in these components. Specifically, for the limited human range of orientations, the 3-CSST reconstruction may appear to be skewed, and the MSA detected may be erroneously high (Fig. 3) .
Further simulations of realistic fiber directions and estimation of MSA show that within a particular set of three acquisitions, the MSA error maps (Fig. 4) show regions of consistent over-and underestimation. The MSA error maps reflect the noise propagation into the reconstructed tensor components; the variance in the components Fig. 8 . First and second columns: maps of the principal eigenvector direction as derived from DTI and STI (both weighted by the FA from DTI) in sagittal (top), axial (middle) and coronal (bottom) section. Directions are color coded according to the arrows. Third column: the absolute value of the dot product between the vectors. Fig. 9 . Mean magnetic susceptibility, from each of the susceptibility tensor reconstructions compared to a scalar susceptibility reconstruction of the neutral orientation.
was on the order of 0.01 ppm in white matter and yielded possible errors of up to ±50% for any particular fiber, Fig. 4 . Less error is observed when more orientations are incorporated into the cylindrically symmetric reconstruction (such as the 12 orientations acquired in Subject 1), and when those orientations are more evenly distributed (such as the 12 uniformly distributed orientations). From these observations, high SNR and evenly distributed orientations were shown to be necessary for consistent estimation of susceptibility anisotropy with a realistic distribution of fiber orientations like those observed in the human brain even with the symmetry constraint.
A comparison of the MSA maps for the simulation and the volunteers, Fig. 4 vs. Fig. 10 , showed similar regions of hyper-and hypointensity. In the simulation, this led to both under-and overestimation of the anisotropy due to the distribution of acquisition directions unfavorable to those fibers. In the human data, there are many factors that are not accounted for in the simulation, such as the density of fibers and crossing fibers that exist in various regions in the human brain, which would also affect the MSA of the white matter. The brain simulation demonstrates that the distribution of orientations is a contributing factor to errors in the MSA in the human brain, particularly in the BCC and CS, as shown in Fig. 4 .
There is a high degree of alignment between principal eigenvectors of diffusion tensors (DT) and susceptibility tensors (ST) in the corpus callosum and optic radiations, but there is also poor alignment in the centrum semiovale (Fig. 8) . The pattern of the observed errors in the estimated MSA in the brain simulation is consistent with that of misalignment of the DT and ST eigenvectors of major white matter tracts in the human study. MSA underestimation for fibers parallel to the SI direction in the simulated brain (φ = 0 in Fig. 4 ) corresponds to poor alignment between DTI and STI eigenvectors in the human data (Fig. 8) . Differences in alignment could be due to errors in the STI reconstruction from limited human orientations or intrinsic differences between the ST and DT principal eigenvectors. The limited range of human orientations causes errors in the STI reconstruction, which may contribute to misalignment between the ST and DT. In the periphery of the brain, there are crossing fibers that may make it difficult to estimate DT eigenvectors and their alignment with ST eigenvectors. Our experimental data show that, for most major white matter tracts, the DTI derived prior information could be a reasonable estimate of the principal direction of the susceptibility tensor.
It is not straightforward to compare estimates of anisotropy between STI and CSST reconstructions. MSA from the STI reconstruction is always positive due to the ordering of the eigenvalues and there is no natural way to define parallel and perpendicular components explicitly in this reconstruction. This leads to decreasing variability of the MSA estimates, which are now by definition positive. The error in susceptibility tensor reconstruction is determined in large part by the noise amplification of the poorly conditioned inverse problem. This suggests that the constrained reconstruction also has the added benefit of denoising in situations where the known tensor symmetry can be used to improve the condition of the inversion.
Susceptibility tensor imaging of the human brain is challenging due to the limited range of orientations available to sample the orientation dependence of the magnetization. The lack of ground truth adds to the challenge. The center of k-space for the susceptibility tensor map is not determined, making a reference for the absolute susceptibility of any particular region difficult to define in a human subject. The focus of this study, MSA, is based on a difference of components, which should not be sensitive to this issue. The genu of the corpus callosum is particularly difficult to reconstruct in both the scalar and tensor susceptibility cases due to reduced SNR near the air tissue interfaces of the frontal sinuses. Imperfect background field removal further complicates reconstructing susceptibility tensor in some regions of the brain. Consequently, the reliability in estimating MSA is low in some regions of the brain. This may explain the greater variability observed in the genu of the corpus callosum than in other regions of the brain Table 2 and Fig. 11 . While it is relatively easy for healthy volunteers to perform three orientations in the MR scanner, patients may have difficulties performing three head orientations, and the acquisition time of three orientations may be too long to be part of a clinical protocol. Given the dependence of MSA on the choice of the orientations for the 3-CSST (Fig. 11 ) the ability of a volunteer to follow instructions to perform the orientations may also affect the estimated anisotropy map. STI shares many of the problems of DTI in estimating tensor components and anisotropy on a voxel level. For example, even with an ideal distribution of samples over a sphere, voxels containing crossing fibers pose a problem when reconstructing the tensor. A single MSA value as determined by the average tensor in the voxel may not reflect the different components present in that voxel. In the diffusion tensor case, this phenomenon effectively decreases the detected diffusion anisotropy erroneously (Basser and Jones, 2002) . In these voxels, the principal diffusion direction may not be the parallel axis of the susceptibility tensor. Additionally, for the CSST reconstructions, DTI has a lower resolution when compared to the gradient echo data and thus the resolution with which DTI can determine the direction for thinner white matter tracts in the brain is reduced. This in turn lowers the confidence with which the assumption of symmetry can be applied in these voxels. This phenomenon may account for some of the differences in the susceptibility observed at the edges of anatomical structures or in the center of the corpus callosum at the gap between the hemispheres. However, increasing the resolution of the EPI based DTI acquisition also increases the noise in the images, which then reduces the reliability of the diffusion directions. As a result, the CSST constraint may only be appropriate for specific regions of the brain. Further investigations are needed to explore similarities and differences between diffusion and susceptibility tensor frames. For qualitative mapping of susceptibility anisotropy of white matter tracts, our volunteer data suggest that the instructions for this 3-CSST may be robust enough in practice.
Conclusion
In this work we have explored theoretical and experimental aspects of estimating MSA in white matter tracts from human feasible data. We have shown cylindrical symmetry in susceptibility anisotropy from configurations of molecules with orientations similar to the non-rigid structure of the myelin sheath. Cylindrical symmetry can be used to improve the condition of estimating the susceptibility tensor, CSST, from MRI acquired with few subject orientations. Our analysis of noise propagation shows the error in the estimated MSA of the CSST is sensitive to the relative angle between the fiber direction and the acquired orientations of the subject, with substantial error observed when the subject orientations are coplanar. We find that DTI guided estimation of cylindrical MSA in major white matter tracts of the brain can be reasonable with as few as three non-coplanar orientations particularly in the corpus callosum and optic radiations.
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Appendix A. The susceptibility tensor of a voxel with molecules of various organizations
In this section we will apply Schur's second lemma from group theory to express the expectation value of the magnetic polarizability tensor. To begin, we define irreducible and reducible representations; in this paper we are interested in matrix representations of the rotation groups. If a representation can be written in a block diagonal form, such that its action can be defined on its individual subspaces, it is said to be reducible otherwise the representation is irreducible (Hammermesh, 1962) . For example a rotation about the z-axis can be expressed in 2 or 3 dimensions, the 2D representation (2 × 2 matrices) is irreducible, whereas the 3D representation (3 × 3 matrices, which are block diagonal with the 2D matrix as one block and 1 as the other block) is reducible. Schur's second lemma states: if the matrices R are irreducible representations of a group and if a matrix A commutes with R, RA = AR, for all R in the group then A is scalar, A = constant ⋅ I (Hammermesh, 1962) .
As stated in Eq.
(1) the susceptibility of a voxel is the sum of magnetic polarizabilities within a unit volume. Considering a specific organization of molecules, we introduce the expected mean value of the magnetic polarizability tensor as:
where R a is a 3-dimenional rotation described by Eq. (10), and the integration is over the possible angles. The explicit matrix form of the rotation R a is the representation of the 3D rotation group. In the form described by Eq. (10), all unconstrained 3D rotations form an irreducible representation. The mean polarizability 〈β〉 commutes with all 3D rotations R a . By Schur's second lemma, 〈β〉 is a scalar in 3D space, and its value can be determined from its trace, which is invariant under rotations. As such the resulting susceptibility tensor is: where n is a factor to account for the density the molecules within the voxel. Therefore, it follows directly from Schur's lemma that freely oriented molecules will result in an isotropic susceptibility tensor(χ = χI = constant times identity matrix). This result can also be shown numerically. Now we consider fixing one of the components of the magnetic polarizability along the z-axis of the voxel. This only allows the molecular axes corresponding to β 1 and β 2 to rotate about the β 3 axis freely; β 3 remains along the z axis of the voxel as in Fig. 2a . The group under consideration is the 2D rotation group about the z-axis. The matrix representation R Z (α), for the rotation about the z axis by an angle, α, is reducible in 3 dimensions, while the block in the x-y plane is irreducible. Correspondingly, we introduce a 3D mean polarizabilty tensor as:
and we can apply Schur's lemma similarly to the 2D block. From this we can obtain one expression for a cylindrically symmetric susceptibility tensor: This is one possible configuration that could describe the anisotropy of white matter that restricts the β 3 axis of the tensor to lie along the fiber direction, but allows the other components to orient freely in transverse plane, Fig. 2a . This organization shows susceptibility that is cylindrically symmetric with molecules that have any arbitrary anisotropy. This configuration may not be entirely realistic for white matter as it restricts one component to lie along the fiber direction, while it is known that the phospholipids of the myelin sheath can undergo diffusion within the membrane as the molecules are not chemically bound (Bagatolli et al., 2010; Kusumi et al., 2012) .
We can obtain more realistic cylindrical symmetry in the organization of molecules by imposing that the β 3 axis of the tensor must lie in the x-y plane, but the β 1 and β 2 axes are oriented evenly in the plane perpendicular to the β 3 axis. This allows the molecules to have the freedom to rotate about the β 3 axis in the transverse plane to account for their freedom of movement, Fig. 2b . To do this we decompose the 3-dimensional rotation matrix into its Euler angles using the zxz-convention such that (Roberts and Winch, 1984) : R a = R Z (φ a ) R X (π/2)R Z (ψ a ), where R Z and R X are rotations about the z axis and x axis respectively at angles φ a , π/2 and ψ a . Here φ a and ψ a take all possible angles. Correspondingly, we introduce the mean polarizability tensor as:
ðA:5Þ Similar to Eq. (A.3), we can apply Schur's lemma to the two 2D rotations, R Z (φ a ) and R Z (ψ a ). The resulting susceptibility tensor is: This organization also shows cylindrical symmetry in the susceptibility tensor with arbitrary anisotropy in the molecules within the voxel. Both Eqs. (A.4) and (A.6) produce a cylindrically symmetric tensor, similar to the white matter tensor model presented by without assuming that the lipid molecules themselves are cylindrically symmetric.
Appendix B. Condition number for estimating the susceptibility tensor with and without constraints
In examining linear systems of the form, Ax = b, it is useful to have an indicator of the stability of the solution of a system from perturbations in the input data. Using numerical methods to find a solution for a linear system Ax = b, where A is Hermitian, it can be shown that under perturbations on a non-trivial b, δb, the error, δx, in the estimate of the solution,x ¼ x þ δx, is bound by (Demmel, 1997) :
where κ(A) is the condition of a linear system A and sin ω ð Þ ¼ Ax−b k k 2 = b k k 2 . In this case if the condition number is finite the error in the solution is bound by the condition number; if the condition
